
Boolean Valued Models, Boolean Valuations, and
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Abstract
Boolean-valued models for first-order languages generalize two-valued

models, in that the value range is allowed to be any complete Boolean algebra
instead of just the Boolean algebra 2. Boolean-valued models are interesting
in multiple aspects: philosophical, logical, and mathematical. The primary
goal of this paper is to extend a number of critical model-theoretic notions
and to generalize a number of important model-theoretic results based on
these notions to Boolean-valued models. For instance, we will investigate
(first-order) Boolean valuations, which are natural generalizations of (first-
order) theories, and prove that Boolean-valued models are sound and com-
plete with respect to Boolean valuations. With the help of Boolean valu-
ations, we will also discuss the Löwenheim-Skolem theorems on Boolean-
valued models.

1 Introduction

Traditionally, a model of a first order language L has as its value range the com-
plete Boolean algebra 2 = {0,1}. Logical symbols in the language are interpreted
as operations on the Boolean algebra: conjunction as binary meet, disjunction as
binary join, negation as Boolean complement, universal quantifier as infinite meet
and existential quantifier as infinite join. A natural way to generalize the traditional
models, then, is to instead of just using the complete Boolean algebra 2 as the value
range, use arbitrary complete Boolean algebra as value ranges.

Boolean-valued models are worth studying for a variety of reasons. From a philo-
sophical perspective, Boolean-valued models have interesting applications to the
phenomenon of vagueness. The supervaluation models, which are used in the stan-
dard approach to vagueness, can be shown to be a special type of Boolean-valued
models (Theorem 3.1). In fact, we can show that there is a duality between the
class of supervaluation models and a subclass of true identity Boolean-valued mod-
els (Theorem 3.3). Also, two important features of Boolean-valued models - that
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they are degree-theoretic and that they induce classical logic - let them give rise
to attractive theories of different types of vagueness 1. Moreover, since the logic
of Boolean-valued models is both classical and non-bivalent, they are particularly
useful in illustrating certain points in the philosophy of model theory. For exam-
ple, it seems to serve as a strong case against the claim that our classical rules of
inferences pin down uniquely the range of semantic values ([3]).

From a logical perspective, a number of important model-theoretic results on two-
valued models can be shown to be special cases of more generalized theorem on
Boolean-valued models. A (relatively) well-known example is that the Łos’ Theo-
rem on ultraproducts is a specific instance of a more general theorem on Boolean-
valued models that satisfy some special condition2. In this paper, we will also
show that the Löwenheim-Skolem theorems are specific cases of some more gen-
eral theorems on Boolean-valued models. Boolean-valued models are also useful
for model construction purposes. For example, the ultraproduct construction is a
special case of the combination of the direct product construction and the quotient
construction on Boolean-valued models (see [19] or [20]). Another example is
Boolean ultrapowers, which generalize the regular ultrapower construction to any
complete Boolean algebra, rather than only on power set algebra (see [12] or [8]).

Finally, from a mathematical perspective, Boolean-valued models are famous for
their usefulness in the context of set theory. Introduced by Dana Scott, Robert
Solovay and others, Boolean-valued models for the language of set theory are used
to give semantics to Paul Cohen’s syntactic forcing, which is a method for ob-
taining independence results (see [2] or Jech [10]). Recent works have shown that
Boolean-valued models, via their connection with forcing, can also be used to yield
fruitful results on operator algebras3.

Despite their utility, Boolean-valued models, as a subject on their own, have not
been as well-studied as the two-valued models. On two-valued models there exists
a full-fledged, robust and fruitful theory - the entirety of model theory, roughly
speaking, that is based on important basic notions like “diagram”, “submodel”,

1For an application to the general phenomenon of vagueness, see Mcgee and Mclaughlin [13].
For an application to mereological indeterminacy, see [22]. For an application to indeterminacy in
identity, see [20].

2In particular, the condition of being “witnessing”, as defined in Def 3.3. For a proof of the
generalized Łos’ Theorem, see Hamkins [7] or Viale [19]. For a proof of a more general version of
this theorem, see Wu [21]. For a form of Łos’ Theorem on Heyting-valued models, see Aratake [1].

3Jech [11] and Takeuti [17] have shown that there’s a duality translating the commutative C∗
algebras to the family of B-names for complex numbers in V B. Viale [18] extends this duality to
arbitrary Polish spaces.
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“elementary”, etc. Few of these notions, to the author’s knowledge, have been
generalized to Boolean-valued models, and so are the case with the many model-
theoretic results based on these notions. There are a number of natural questions
on the model-theoretic properties of Boolean-valued models that awaits answers:
What is the diagram/elementary diagram of a Boolean-valued model? What does
it mean for a Boolean-valued model to be a submodel/elementary submodel of an-
other? Do Löwenheim-Skolem Theorems hold on all Boolean-valued models? etc.
The primary goal of this paper is to answer these questions.

When we only have two truth values, the diagram of a model is a set of sentences,
and therefore a theory. But when there are more than two truth values, the “dia-
gram” of a model, if we want it to be something close to what we have in the two-
valued case, cannot be just a theory. The natural suggestion is that the diagram is
a set of ordered pairs whose first component is a sentence and second component
is a truth value. In this paper, we will call a set of this form a “Boolean valua-
tion”. (First-order) Boolean valuations are natural generalizations of (first-order)
theories. The first major result of this paper (Theorem 4.9.1) is that (under our
definition of consistency), Boolean-valued models are sound and complete with
respect to Boolean-valuations, which is a theorem that generalizes the known re-
sult that Boolean-valued models are sound and complete with respect to first-order
theories (see, for example, [15]). Corollaries to this theorem include the compact-
ness theorem (Corollary 4.9.2) on Boolean valuations and the (weaker version) of
Downward-Löwenheim-Skolem theorem on Boolean valuations (Corollary 4.9.3).

With the notion of “Boolean valuation”, we are then able to define notions like “di-
agram”(Def 5.6), “elementary diagram”(Def 5.10), etc., and prove the equivalence
theorems between diagrams and submodels (Theorem 5.4), elementary diagrams
and elementary submodels (Theorem 5.7), etc. The next major result is the gen-
eralization of (the stronger version) Downward-Löwenheim-Skolem theorem to
witnessing Boolean-valued models (Theorem 5.8), and that it does not necessarily
hold on non-witnessing Boolean-valued models (Theorem 5.9).

For the discussion of the Upward-Löwenheim-Skolem theorems to be non-trivial,
we will have to look at a special type of Boolean-valued models, the ones that
define identity in the standard, or true way (Def 6.1). We will investigate which
kind of Boolean valuations corresponds to the “true identity” models. The third
major result (Theorem 6.7) is that true identity Boolean-valued models are sound
and complete with respect to Boolean valuations that “respect identity” (Def 6.4).
From there, we will show the Upward-Löwenheim-Skolem theorems on true iden-
tity Boolean-valued models (Theorem 7.7, 7.8).
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We organize this paper as follows: in Section 2, we introduce Boolean-valued mod-
els. In Section 3 we discuss the connection between supervaluation models and
Boolean-valued models. In particular, we prove that supervaluation models are
equivalent to a special type of Boolean-valued models. In section 4, we first review
the proof of the theorem that Boolean-valued models are sound and complete with
respect to first-order theorems, and then in 4.2, we introduce Boolean valuations,
define their consistency condition, and prove that Boolean-valued models are sound
and complete with respect to first-order Boolean valuations. In Section 5, with
the help of Boolean valuations, we extend basic model theoretic notions like “dia-
gram”, “submodel”, “elementary embedding” to Boolean-valued models, prove the
equivalence theorems, and prove the (stronger version of) Downward-Löwenheim-
Skolem theorem on witnessing Boolean-valued models. We will also study chains
of models and generalize the Elementary Chain Theorem to the Boolean-valued
case. In Section 6, we will investigate the true identity Boolean-value models and
prove their soundness and completeness theorems. Finally, in Section 7, we discuss
the Upward-Löwenheim-Skolem theorems on Boolean-valued models.

2 Boolean Valued Models

We assume here that the reader already has some basic knowledge about Boolean
algebras and model theory. For a detailed introduction of Boolean algebras, see
Givant and Halmos [6].

In this paper, we will use the symbol “u” for lattice meet(infimum), “t” for lattice
join(supremum), and “−” for Boolean complement. A Boolean algebra B is κ-
complete (where κ is a cardinal) just in case for any subset D⊆B such that |D|6α ,
both the supremum of D,

⊔
D, and the infimum of D,

d
D, exist in B. A Boolean

algebra B is complete just in case for any κ , B is κ-complete.

Definition 2.1. Let L be an arbitrary first order language. For simplicity, we
assume that L has no function symbols, but only relation symbols and constants.4

Let B be a complete Boolean algebra. A B-valued model5 A for the language L
consists of:

1. A universe A of elements;
4Our theory can be easily generalized to first order languages with function symbols, as functions

can always be treated as relations that satisfy special conditions.
5Our definition of Boolean-valued models is the standard one. You can find the same definition

in many other places, including, Bell [2], Button and Walsh [3], Hamkins and Seabold [8], etc.
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2. The B-value of the identity symbol: a function J=KA : A2→ B;

3. The B-values of the relation symbols: (let P be a n-ary relation) JPKA : An→
B;

4. The B-values of the relation symbols: (let c be a constant) JcKA ∈ A.

And it needs to satisfy:

1. For the B-value of the identity symbol6: for any a1,a2,a3 ∈ A

Ja1 = a1KA = 1B (1)

Ja1 = a2KA = Ja2 = a1KA (2)

Ja1 = a2KAu Ja2 = a3KA 6 Ja1 = a3KA (3)

2. For the B-value of relation symbols: let P be an n-ary relation; for any
〈a1, ...,an〉,〈b1, ...,bn〉 ∈ An,

JP(a1, ...,an)KAu (
l

16i6n

Jai = biKA)6 JP(b1, ...,bn)KA (4)

Given a B-valued model A for L , we define satisfaction in A as follows:

Definition 2.2. Let Var be the set of all variables. (We will use v1,v2, ... to range
over variables.) An assignment on A is a function from Var to A. Given a assign-
ment x on A, we define the value of an open formula of L in A under assignment
x as follows.

1. We first define the value of terms in A:

(a) Let vi be a variable. Then JviKA[x] = x(vi) = xi
7.

(b) Let c be a constant. Then JcKA[x] = JcKA.

2. We then define the value of atomic formulas in A:

(a) Let t1, t2 be terms (a term is either a variable or a constant). Then
Jt1 = t2KA[x] = Jai = a jKA, where ai = Jt1KA[x] and a j = Jt2KA[x].

(b) Let t1, ..., tn be terms. Then JP(t1, ..., tn)KA[x] = JP(ai, ...,ak)KA, where
ai = Jt1KA[x], ..., ak = JtnKA[x].

6Here and in the following, when the context is clear, we use Jai = a jKA to abbreviate J=
KA(ai,a j), and similarly for cases of the relation symbols.

7Here and in the following, given an assignment x, we will use xi to abbreviate x(vi).
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3. We finally define the value of complex formulas in A:

(a) Let φ be a formula. Then J¬φKA[x] =−JφKA[x].

(b) Let φ ,ψ be formulas. Then Jφ ∧ψKA[x] = JφKA[x]u JψKA[x].

(c) Let φ ,ψ be formulas. Then Jφ ∨ψKA[x] = JφKA[x]t JψKA[x].

(d) Let φ be a formula. Then J∃viφKA[x] =
⊔

a∈A
JφKA[x(vi/a)], where x(vi/a)

is the assignment on A that takes vi to a and agrees with x everywhere
else.

(e) Let φ be a formula. Then J∀viφKA[x] =
d

a∈A
JφKA[x(vi/a)], where x(vi/a)

is the assignment on A that takes vi to a and agrees with x everywhere
else.

Clearly, both J∃viφKA[x] and J∀viφKA[x] are well-defined as B is assumed to be
complete.

It is easy to see that traditional two-valued models for first order languages are just
special cases of Boolean valued models, when we require B to be the two-element
Boolean algebra 2 and that the interpretation of the identity symbol is the true iden-
tity function on the universe8.

In the following, like in the case of atomic formulas, when the context is clear, we
will occasionally use Jφ(x1, ...,xn)KA, instead of Jφ(v1, ...,vn)KA[x].

Theorem 2.1. Let A be a B-valued model for L . For any formula φ(v1, ...,vn) in
L , any assignments x,y on A,

Jφ(x1, ...,xn)KAu (
l

16i6n

Jxi = yiKA)6 Jφ(y1, ...,yn)KA

Proof. By a straightforward induction on the complexity of φ(v1, ...,vn).

3 Supervaluationism

In this section, we show that supervaluation models are special cases of Boolean-
valued models. In particular, we show that every supervaluation model is equiva-
lent to an elementary submodel of the direct product of the precisifications. Also,

8We assume that the reader has some basic knowledge of traditional two-valued models. For a
detailed introduction on model theory, see Chang and Keisler [4], or Hodges [9].
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the class of supervaluation models is equivalent to a subclass of true-identity Boolean-
valued models.

Definition 3.1. A supervaluation model S for L is a pair 〈A,Σ〉 such that A is a
domain of elements and Σ = {σi | i∈ I} is a collection of two-valued interpretation
functions (indexed by I). In particular9,

1. Let c be a constant in L . For some a ∈ A, for any i ∈ I, σi(c) = a.

2. Let P be a n-ary relation in L . For any i ∈ I, σi(P) = Ri ⊆ An.

For each i ∈ I, Ai is the two-valued model for L with domain A and interpretation
function Σi. Every Ai is called a precisification in S.
For any formula φ(v1, ...,vn) in L , and any assignment function x : Var→ A,

JφKS[x] =


(super)true if for every i ∈ I,Ai |= φ [x];
(super)false if for every i ∈ I,Ai |= ¬φ [x];
undefined if otherwise

Definition 3.2. Given a supervaluation model S= 〈A,{σi | i ∈ I}〉, we construct a
P(I)-valued model MS for L as follows (where P(I) is the powerset of I endowed
with the powerset algebra):

1. The domain of MS is A.

2. J=KMS
: A2→ P(I) is such that for any a,b ∈ A, Ja = bK = /0 if a and b are

not the same element, and Ja = bK = I if a and b are the same element.

3. Let c be a constant in L , JcKMS
= σi(c), for any i ∈ I.

4. Let P be a n-ary relation in L . JPKMS
: An → P(I) is such that for any

a1, ...,an ∈ A, JP(a1, ...,an)KM
S
= {i ∈ I | Ai |= P(a1, ...,an)}.

9We assume here that a constant is always interpreted as the same individual in all precisifications.
Although this is the default assumption in most standard formulations of supervaluationism (as in,
for example, [5] or [16]), we are aware of the need for loosing this assumption in certain situations.
The results we present below can be generated to more general definitions of supervaluation models,
including ones in which constants can have different referents in different precisifications, and even
ones in which the domains of different precisifications can be different. Due to the lack of space we
will not present the details here. Roughly, in cases where we have constants without a unvarying
referent, we can simply regard a constant as a unary predicate that satisfies the special condition that
its extension is a singleton. And in cases where we have precisifications with different domains,
we can simply pretend that all precisifications have the union of all the domains as their domain,
and have an existential predicate whose extension in each precisification is the actual domain of the
precisification, and have the quantifiers be restricted to what satisfies the existential predicate in each
precisification.
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It is easy to check that MS satisfied Def 2.1.

Theorem 3.1. For any formula φ(v1, ...,vn) in L , and any assignment function
x : Var→ A,

JφKM
S
[x] = {i ∈ I | Ai |= φ [x]}

Proof. By induction on the complexity of φ . The atomic cases are covered by the
definition of MS. The cases for sentential connectives are straightforward. For
existential quantifier,

J∃v jφKM
S
[x] =

⋃
a∈A

JφKM
S
[x(v j/a)]

=
⋃
a∈A

{i ∈ I | Ai |= φ [x(v j/a)]}

= {i ∈ I | Ai |= ∃v jφ [x]}

The case for universal quantifier is similar.

As a result, the supervaluation model S is essentially equivalent to its Boolean
counterpart MS. They have the same domain, and for any φ in L , the degree to
which φ is true in MS is the set of all precisifications in S in which φ is true.
Therefore, φ is (super)true in S iff JφKMS

= I, which is the top value in P(I), and
φ is (super)false in S iff JφKMS

= /0, which is the bottom value in P(I). Since
all classical tautologies have value 1 in every Boolean-valued model, all classical
tautologies are (super)-true in every supervaluation model.

We next show that S is an elementary submodel of the direct product of all the
precisifications.

Theorem 3.2. Let S= 〈A,{σi | i ∈ I}〉 be a supervaluation model. Let {Ai | i ∈ I}
be its set of precisifications. Let ∏

i∈I
Ai be their direct product (Def. 5.12). MS is

an elementary submodel (Def. 5.9) of ∏
i∈I

Ai.

Proof. Clearly P(I) and ∏
i∈I

2 are isomorphic. The elementary embedding is the

function f : A→ ∏
i∈I

Ai that takes any a ∈ A to 〈a〉i∈I .

We just need to show that for any formula φ(v1, ...,vn) in L , any a1, ...,an ∈ A,

Jφ(a1, ...,an)KM
S
= Jφ(〈a1〉i∈I, ...,〈an〉i∈I)K

∏
i∈I

Ai
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By the Direct Product Theorem (Theorem 5.11), Jφ(〈a1〉i∈I, ...,〈an〉i∈I)K
∏
i∈I

Ai
= {i∈

I | Ai |= φ(a1, ...,an)}= Jφ(a1, ...,an)KM
S

, by Theorem 3.1.

Definition 3.3. Let A be a B-valued model for the language L . Then A is witness-
ing10 just in case for any formula φ(u,v1, ...,vn) of L , any a1, ...,an ∈ A, there is
an a ∈ A such that

J∃uφ(u,v1, ...,vn)KA[a1, ...,an] = Jφ(u,v1, ...,vn)KA[a,a1, ...,an]

Observation 3.2.1. Let S= 〈A,{σi | i ∈ I}〉 be a supervaluation model. MS may
not be a witnessing model, although ∏

i∈I
Ai is always witnessing. The latter is be-

cause direct products always inherit the property of being witnessing, which fol-
lows from Theorem 5.11. It is easy to construct examples of the former. For
example, we can let a unary predicate P be such that it has a non-empty extension
in every Ai in S, yet there is no a ∈ A that is in the extension of P in in every Ai in
S. Then ∃viP(vi) will have value I in MS without a witness.

Corollary 3.2.1 (to Theorem 4.1 and Theorem 4.3). Let T be a theory and φ be a
sentence in a first order language L . T ` φ if and only if for any supervaluation
model S, if every member of T is (super)true in S, then φ is (super)true in S.

We have shown that every supervaluation model is equivalent to a true identity
Boolean-valued model. Our next goal is to establish a duality between the class of
supervaluation models and a subclass of true identity models.

Definition 3.4. Let B and C be two complete Boolean algebras and let A be a B-
valued model. A is C-embeddable just in case there is an embedding(monomorphism)
f : B→C such that for any formula φ(v,v1, ...,vn), a1, ...,an ∈ A

f (J∃vφKA)[a1, ...,an] =
⊔
a∈A

f (JφKA[a,a1, ...,an])

f (J∀vφKA)[a1, ...,an] =
l

a∈A

f (JφKA[a,a1, ...,an])

10Witnessing Boolean-valued models are important because they are the ones on which the Łos’
Theorem (Theorem 5.2) holds, while Łos’ Theorem does not hold on Boolean-valued models in gen-
eral (See [21] or [19]). For a topological characterization of the property of being witnessing, see
[14]. Some people, including Hamkins and Seabold [8], Jech [10] and Viale [14], call witnessing
models “full” models instead. We use the term “witnessing” here because the term “full” is some-
times used to refer to models that satisfy a different condition (Def 6.3). A hidden misunderstanding
on this subject seems to be that the two definitions coincide. But in fact they are not. We will show in
section 6 that full models, defined in terms of antichains, are all witnessing models, yet the converse
does not hold.
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Theorem 3.3. Let A be a B-valued model. Then A is equivalent to a supervaluation
model just in case A is a true identity model and is P(I)-embeddable, for some
powerset algebra P(I).

Proof. Let S = 〈A,{σi | i ∈ I}〉 be a supervaluation model and let MS be the
P(I)-valued model as defined in Def 3.2. Then MS is a true identity model and
is P(I)-embeddable by the identity function.
For the other direction, let A be a true identity B-valued model that is P(I)-
embeddable, for some powerset algebra P(I), by an embedding f : B→P(I).
For each i ∈ I, we construct a 2-valued model Ai with domain A as follows:

1. Let c be a constant in L , JcKAi = JcKA ∈ A.

2. Let P be a n-ary relation in L . For any a1, ...,an ∈ A, Ai |= P(a1, ...,an) iff
i ∈ f (JP(a1, ...,an)KA).

Let S be the supervaluation model with precisifications {Ai | i ∈ I}. Let MS be
the S-induced P(I)-valued model as defined in Def 3.2. Then for any formula
φ(v1, ...,vn) in L , any a1, ...,an ∈ A,

Jφ(a1, ...,an)KM
S
= f (Jφ(a1, ...,an)KA)

The claim can be proven by induction on the complexity of φ . The atomic cases
are governed by the definition of S. The cases for connectives hold because f
is an embedding, and the cases for quantifiers hold because f witnesses that A is
P(I)-embeddable.
As a result, every value in P(I) that is possibly “used” in MS is in f [B], and so
the “real” value range of MS is just f [B]. Since f is a monomorphism, B and f [B]
are isomorphic to each other, and hence A and MS are isomorphic, and therefore
A is equivalent to a supervaluation model.

Corollary 3.3.1. Let B be an atomic complete Boolean algebra. Any B-valued true
identity model is equivalent to a supervaluation model.

The duality we established above shows that Boolean-valued models generalizes
supervaluation models in two aspects. First, Boolean-valued models allow identity
clauses to take intermediate truth values, whereas supervaluation models require
true identity. Second, Boolean-valued models allow the value range of a model to
be any complete Boolean algebra, whereas supervaluation models require powerset
algebras (or those embeddable in a powerset algebra in a complete way).
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4 Theories and Boolean Valuations

4.1 Theories

In this section we show that Boolean-valued models are sound and complete with
respect to first-order theories. To the author’s knowledge, these results first appear
in [15].

Definition 4.1. Let T be a theory in a first order language L . Let A be a B-valued
model of L . A is a model of T just in case for any φ ∈ T , JφKA = 1B.

Definition 4.2. Let T be a theory and φ be a sentence in a first order language L .
φ is a Boolean-consequence of T , in symbols, T |=B φ just in case for any Boolean
valued model A, if A is a model of T , then A is a model of φ .

Theorem 4.1. Let T be a theory and φ be a sentence in a first order language L .
If T ` φ , then T |=B φ .

Proof. By showing that all the axioms of first order logic have value 1 in every
Boolean valued model, and that the rules of inference always preserve having value
1. The proof is straightforward.

Corollary 4.1.1. Let φ be a theorem of first order logic. Then in any Boolean
valued model A, JφKA = 1.

Theorem 4.2. Let T be a theory in L . T is consistent if and only if for some
complete Boolean Algebra B, T has a B-valued model A.

Proof. For the left to right direction, if T is consistent, then by the Completeness
Theorem on two-valued models, T has a two-valued model. But a two-valued
model is a Boolean valued model.
For the right to left direction, suppose T is inconsistent. Then for some theorem φ

of first order logic, T ` ¬φ . Assume for reductio that T has a B-valued model A,
then by Theorem 4.1, J¬φKA = 1. Hence JφKA = 0, but this contradicts Corollary
4.1.1.

Corollary 4.2.1. Let B be any complete Boolean algebra. A theory T has a B-
valued model just in case every finite subset of T has a B-valued model.

Theorem 4.3. Let T be a theory and φ be a sentence in a first order language L .
If T |=B φ , then T ` φ .
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Proof. Suppose T |=B φ , then for any two-valued model A, if A is a model of
T , then A is a model of φ . By the soundness theorem on two-valued models11,
T ` φ .

Corollary 4.3.1. Let T be a theory and φ be a sentence in a first order language
L . T |=B φ if and only if T ` φ .

4.2 Boolean Valuations

When there are only two truth values, the notion of “theory” is sufficient for de-
scribing the relationship between models and sentences. Given a two-valued model
of a language L , the set of all sentences of L that are true in the model forms a
complete theory in L . This theory decides the value of all sentences of L in the
model: if φ is a member of the theory, then φ has value 1 in the model, and if φ

is not a member of the theory, then φ has value 0 in the model. This theory, in
a certain sense, provides a full description of the model given that our expressive
power is limited to L .

The situation is different, however, when we allow more than two truth values.
Given a B-valued model of L where B is a proper extension of 2, the theory in L
that consists of all sentences of L that are true in the model no longer decides the
value of all sentences of L in the model. A simple example to illustrate this point
is as follows: Let A and A′ be two B-valued models of L , where B is the four
element Boolean algebra {0, p,−p,1} and L is the language {P,c} where P is a
unary predicate and c is a constant. Let A = {a} and A′ = {a′}. Let JcKA = a and
JcKA′ = a′. Let JPKA(a) = p and JPKA′(a′) =−p. Then it is easy to see that the set
of sentences of L that have value 1 in A is the same as the set of sentences of L
that have value 1 in A′. But obviously not all sentences of L have the same value
in A and A′.

This result is hardly surprising. Knowing which sentences have the top value only
allows us to know the values of those sentences that have extreme values. When
we only have two values, this amounts to knowing the value of every sentence.
But whence we have more than two values, knowing the values of those that have
extreme values is not enough: we still need to know the values of those that have
intermediate values. And the latter is simply not decided by the former.

Therefore, in a Boolean-valued setting, we need a notion stronger than the notion of
“theory”, one that is sufficiently strong to fulfill the kind of jobs that the notion of

11See, for example, Chang and Keisler [4, p. 66].
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“theory” does in the setting of two-valued models: one that is able to, for example,
provide a full description of a model that decides the value of every sentence in
the model. A natural candidate, as we will introduce right now, is the notion of
“Boolean-valuations”.

Definition 4.3. Let B be a complete Boolean algebra. Let L be a first order lan-
guage. A Boolean-valuation SB in L is a set of pairs of the form 〈φ , p〉 such that
φ is a sentence of L and p is an element of B. We say that B is the value range of
the Boolean valuation SB.

Definition 4.4. Let A be a B-valued model of L . Let SB be a L -Boolean-valuation
with value range B.12 A is a model of SB just in case for any sentence φ ∈L , for
any p ∈ B, if 〈φ , p〉 ∈ SB, then JφKA = p.

Intuitively, a Boolean-valuation assigns values of a Boolean algebra to certain sen-
tences of a language. When a pair 〈φ , p〉 is in the Boolean-valuation SB, we can
think of the Boolean-valuation “says” that the sentence φ has value p. If a model
A is a model of SB, then figuratively, what SB says about those sentences that are
mentioned in SB is what actually is the case in A. We can already see why the
notion of Boolean-valuations will be useful for our purpose: a full description of a
Boolean-valued model with respect to a particular language, intuitively, is simply
an assignment of values to all the sentences in the language. But the latter, from a
set-theoretic perspective, is just a collection of sentence-value pairs, which is sim-
ply a Boolean-valuation given our definition.

Also, theories, in a natural sense, can be understood as special cases of Boolean-
valuations. Roughly, a theory T is a Boolean valuation T B = {〈φ ,1〉 |φ ∈ T}. A
model A is a model of T just in case A is a model of T B. The notion of “Boolean-
valuation” is a natural generalization of the notion of “theory”, in the context of
Boolean valued models.

An important property of theories is consistency. Consistent theories, as we have
seen, precisely correspond to theories that have Boolean valued models. This is a
nice synergy between syntax and semantics. But what about Boolean-valuations?
What does it mean for a Boolean-valuation to be “consistent”? Are consistent
Boolean-valuations precisely those that have models? These are the questions that
we will answer for the rest of the section.

Definition 4.5. Let SB be a Boolean-valuation of L . Let h : B→ 2 be a homomor-
phism. SB

h is the following set of sentences: for any φ ∈L , any p ∈ B,

12Here and in the following, we use the superscript of a Boolean-valuation to indicate the value
range of the Boolean-valuation.
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1. If 〈φ , p〉 ∈ SB and h(p) = 1, then φ ∈ SB
h .

2. If 〈φ , p〉 ∈ SB and h(p) = 0, then ¬φ ∈ SB
h .

3. Nothing else is in SB
h .

Definition 4.6. A Boolean-valuation SB is consistent if and only if for any homo-
morphism h : B→ 2, SB

h is a consistent theory.

Consistency of Boolean-valuations is thus defined in terms of consistency of the-
ories. Let T be a theory and let T B be the Boolean-valuation {〈φ ,1〉 |φ ∈ T}. It
follows straightforwardly from Def 4.5 and Def 4.6 that T is consistent just in case
T B is consistent in the sense of Def 4.6, as every homomorphism takes 1B to 12.

The major result of this section is that consistent Boolean-valuations are precisely
those that have models. To reach that result, though, we will have to prove a
series of subsidiary theorems first, which are also interesting on their own. In
the following, whenever we mention a Boolean-valuation, we always assume that
it is a Boolean-valuation of the language L . Also, occasionally, we will call a
Boolean-valuation SB a B-valuation.

Definition 4.7. A Boolean-valuation S′B is a sub-valuation of SB if and only if
S′B ⊆ SB and the value range of S′B is the same as that of SB.

Theorem 4.4. If a Boolean-valuation SB is consistent , then every sub-valuation of
SB is consistent.

Proof. Let S′B be a sub-valuation of SB . Then for every homomorphism h : B→ 2,
S′Bh ⊆ SB

h . If S′B is inconsistent, then S′Bh is inconsistent for some homomorphism h,
and then SB

h will be inconsistent.

Proposition 4.1. Let SB be a Boolean-valuation and let h : B → 2 be a homo-
morphism. For any finite subset ∆ ⊆ SB

h , for some finite sub-valuation S′B of SB,
S′Bh = ∆.

Theorem 4.5. A Boolean-valuation SB is consistent if and only if every finite sub-
valuation of SB is consistent.

Proof. The direction from left to right follows directly from Theorem 4.4.
For the other direction, let SB be an inconsistent B-valuation. Then for some ho-
momorphism h : B→ 2, SB

h is inconsistent. Hence some finite subset T of SB
h is

inconsistent. By Prop 4.1, for some finite sub-valuation T B of SB, T B
h = T . Hence

T B
h is inconsistent. Hence T B is inconsistent.
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Theorem 4.6. Let SB be a consistent B-valuation. For any sentence ψ ∈L , for
some r ∈ B, SB∪{〈ψ,r〉} is consistent.

Proof. Let X = {h : B→ 2 | h is a homomorphism}.
Let K = {∆β | ∆β is a finite sub-valuation of SB}. Enumerate K by α where α =
|K|. For each β < α , ∆β is a finite sub-valuation of SB, and SB =

⋃
β<α ∆β .

For any β < α , h ∈ X , we form ∆
β

h according to Def 4.5. For any β < α , h ∈ X ,
∆

β

h ⊆ SB
h . Also for any h ∈ X , {∆β

h | β < α}= {∆ | ∆ is a finite subset of SB
h}.

Fix an β < α . Let ∆β = {〈φ1, p1〉, ...,〈φk, pk〉} for some k < ω . For any h ∈ X , let
qh

β
= q1 u ...u qk, where for any 1 6 i 6 k, qi = pi if h(pi) = 1, and qi = −pi if

h(pi) = 0.
To continue with the proof we need to prove two claims.

Claim 4.6.1. For any β < α , h ∈ X , h(qh
β
) = 1.

Proof of the Claim. Let qh
β
= q1u ...uqk as defined above. Then for any 16 i6 k,

h(qi) = 1. Hence h(qh
β
) = 1.

�

Let J+
β
= {h j ∈ X | ∆β

h j
` ψ} and J−

β
= {hk ∈ X | ∆β

hk
` ¬ψ}.

Let q+
β
=

⊔
h j∈J+

β

qh j

β
and q−

β
=

⊔
hk∈J−

β

qhk
β

.

Claim 4.6.2. For some r ∈ B, r >
⊔

β<α

q+
β

and −r >
⊔

β<α

q−
β

.

Proof of the Claim. We only need to show that⊔
β<α

q+
β
u

⊔
β<α

q−
β
= 0

By infinite distribution, this is equivalent to⊔
β ,γ<α

(q+
β
uq−γ ) = 0

That is, for any β ,γ < α , q+
β
uq−γ = 0, i.e.

⊔
h j∈J+

β

qh j

β
u

⊔
hk∈J−γ

qhk
γ = 0
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Again by infinite distribution, this is equivalent to⊔
h j∈J+

β

⊔
hk∈J−γ

(qh j

β
uqhk

γ ) = 0

That is, for any h j ∈ J+
β

, any hk ∈ J−γ , qh j

β
uqhk

γ = 0.

Suppose not, then for some h j ∈ J+
β

, hk ∈ J−γ , for some p 6= 0 ∈ B, qh j

β
uqhk

γ = p.

Since p 6= 0, there is some h ∈ X such that h(p) = 1. Hence h(qh j

β
) = 1, h(qhk

γ ) = 1.

But by definition of qh j

β
, then, for any pi such that some pair of the form 〈φi, pi〉 ∈

∆β , if h j(pi) = 1, then qh j

β
6 pi, and hence h(pi) = 1. And similarly, if h j(pi) = 0,

then qh j

β
6−pi, and hence h(−pi) = 1, h(pi) = 0.

Hence for any pi such that some pair of the form 〈φi, pi〉 ∈ ∆β , h j(pi) = h(pi).
Hence by Def 4.5, ∆

β

h j
= ∆

β

h . Similarly, ∆
γ

hk
= ∆

γ

h

But since h j ∈ J+
β

, ∆
β

h j
`ψ; and since hk ∈ J−γ , ∆

γ

hk
` ¬ψ . Hence ∆

β

h `ψ , ∆
γ

h ` ¬ψ .

But ∆
β

h ⊆ SB
h , ∆

γ

h ⊆ SB
h . Hence SB

h ` ψ ∧¬ψ . Hence SB
h is inconsistent. But this is a

contradiction as SB is assumed to be consistent.
�

Pick an r ∈ B that witnesses Claim 4.6.2. Finally, we will show that SB∪{〈ψ,r〉}
is consistent.
Suppose it is not consistent. Then for some h ∈ X , one of the two following situa-
tions holds:

(a) h(r) = 1 and SB
h ∪{ψ} is inconsistent.

(b) h(r) = 0 and SB
h ∪{¬ψ} is inconsistent.

We will show that both (a) and (b) lead to contradiction.
Assume (a). Since SB

h ∪{ψ} is inconsistent, SB
h ` ¬ψ . Hence for some β < α ,

∆
β

h ` ¬ψ . Hence h ∈ J−
β

.

Hence −r >
⊔

γ<α

q−γ > q−
β
=

⊔
hk∈J−

β

qhk
β
> qh

β
.

But by Claim 4.6.1, h(qh
β
) = 1. Hence h(−r) = 1, h(r) = 0. Contradiction.

Assume (b). Since SB
h ∪{¬ψ} is inconsistent, SB

h ` ψ . Hence for some β < α ,
∆

β

h ` ψ . Hence h ∈ J+
β

.

Hence r >
⊔

γ<α

q+γ > q+
β
=

⊔
h j∈J+

β

qh j

β
> qh

β
.
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But by Claim 4.6.1, h(qh
β
) = 1. Hence h(r) = 1. Contradiction.

Definition 4.8. A Boolean-valuation SB is maximal if and only if for every sentence
φ , there is some p ∈ B such that 〈φ , p〉 ∈ SB.

Theorem 4.7. Every consistent Boolean-valuation is contained in some maximal
consistent Boolean-valuation.

Proof. Let SB be a consistent B-valuation. Let D = {〈φ , p〉 | φ is a sentence of L , p∈
B}. Arrange all the pairs in D in a list:

〈φ0, p0〉,〈φ1, p1〉, ...,〈φα , pα〉, ... α < |D|

such that the list associates in a one-one fashion an ordinal with each pair.
We shall form an increasing chain of consistent B-valuations:

SB = SB
0 ⊆ SB

1 ⊆ ...⊆ SB
α ⊆ ... α < |D|

If SB ∪ {〈φ0, p0〉} is consistent, define SB
1 = SB ∪ {〈φ0, p0〉}. Otherwise, define

SB
1 = SB.

At the α-th stage, if α is a successor ordinal, define{
SB

α = SB
α−1∪{〈φα−1, pα−1〉} if SB

α−1∪{〈φα−1, pα−1〉} is consistent
SB

α = SB
α−1 if otherwise

If α is a limit ordinal, define SB
α =

⋃
β<α

SB
β

. Let T B be the union of all the SB
α ’s.

Claim 4.7.1. T B is a consistent B-valuation.

Proof of the Claim. Suppose not. Then for some homomorphism h : B→ 2, T B
h is

inconsistent. Then for some finite subset {ψ1,ψ2, ...,ψk} ⊆ T B
h , {ψ1,ψ2, ...,ψk} is

inconsistent. By Prop 4.1 , for some finite sub-valuation ∆B of T B, ∆B
h = {ψ1,ψ2, ...,ψk}.

Hence ∆B is inconsistent. But since ∆B is finite, for some α < |D|, ∆B ⊆ SB
α . But

then SB
α is inconsistent. Contradiction.

�

Claim 4.7.2. T B is maximal.

Proof of the Claim. Let φ be a sentence of L . By Theorem 4.6, for some p ∈ B,
T B∪{〈φ , p〉} is consistent. But then {〈φ , p〉}will be added to T B at the stage when
it is enumerated.

�
Hence SB is contained in a maximal consistent B-valuation, namely T B.
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When SB is a consistent B-valuation, it is easy to show that for any sentence φ ,
for any p,q ∈ B, if 〈φ , p〉 and 〈φ ,q〉 are both in SB, then p = q. This is because
if otherwise, then there is some homomorphism h : B→ 2 such that h(p) 6= h(q),
and hence both φ and ¬φ will be in SB

h , making SB inconsistent. Hence, in the fol-
lowing, when the context is clear, we will use the term JφKS to denote the unique p
such that 〈φ , p〉 ∈ SB.

With the help of Theorem 4.6 and Theorem 4.7 we are finally able to prove the
completeness theorem on Boolean-valuations.

Theorem 4.8. Let L be a countable language. Let SB be a consistent Boolean-
valuation of L . Then SB has a B-valued model that is witnessing.

Proof. Let X = {h : B→ 2 | h is a homomorphism}.
Let SB be a consistent scheme in L . Let C be a countable set of new constants (not
appearing in L ). Let L ′ = L ∪C.
Arrange all formulas with one free variable in L into a list:

φ0,φ1, ...,φi, ... i < ω

We now define an increasing sequence of B-valuations of L :

SB = SB
0 ⊆ SB

1 ⊆ ...⊆ SB
i ⊆ ... i < ω

and a sequence d0, ...,di, ..., i < ω , of constants from C, in the following way:
Suppose SB

i has been defined. We first add to SB
i a pair of the form 〈∃viφi(vi), p〉

such that SB
i ∪{〈∃viφi(vi), p〉} is consistent. Theorem 4.6 guarantees the existence

of such a pair. Then, we let di be the first constant in C that has not appeared in SB
i ∪

{〈∃viφi(vi), p〉}. Since until SB
i we have only added finitely many pairs to SB, which

contains no constant in C, and each pair we have added at most contains finitely
many new constants, there exists such a new constant in C that hasn’t appeared.
Then, we add to SB

i the pair 〈φi(di), p〉.

Claim 4.8.1. SB
i+1 = SB

i ∪{〈∃viφi(vi), p〉,〈φi(di), p〉} is consistent.

Proof of the Claim. Suppose not. Then for some h ∈ X , (SB
i+1)h is inconsistent.

There are two situations:

(a) h(p) = 1. Then (SB
i )h∪{∃viφi(vi),φi(di)} is inconsistent.

Then (SB
i )h∪{∃viφi(vi)} ` ¬φi(di).

Since di does not appear on the left hand side, (SB
i )h∪{∃viφi(vi)} `∀vi¬φi(vi).

But then (SB
i )h∪{∃viφi(vi)} is inconsistent, contradicting our choice of p.
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(b) h(p) = 0. Then (SB
i )h∪{¬∃viφi(vi),¬φi(di)} is inconsistent.

Then (SB
i )h∪{¬∃viφi(vi)} ` φi(di).

Since di does not appear on the left hand side, (SB
i )h∪{¬∃viφi(vi)} `∀viφi(vi).

But then (SB
i )h∪{¬∃viφi(vi)} is inconsistent, contradicting our choice of p.

�

Let T ′B =
⋃

i∈ω SB
i . T ′B is consistent, as if not, then by Theorem 4.5, a finite sub-

valuation of T ′B will be in consistent, meaning that some SB
i will be inconsistent.

Since T ′B is a consistent B-valuation of L ′, by Theorem 4.7 it is contained in some
maximal consistent B-valuation of L ′. Let T B be such a B-valuation.
Let A =C. We will construct a B-valued model A of L ′ with universe A/C:

1. Let c be a constant in L ′. Then JcKA = di such that Jc = diKT = J∃vi(vi =
c)KT . (If there is more than one di ∈ A that satisfies this, then just pick a
random one.)

2. Let P be an n-nary relation. For any 〈c1, ...,cn〉 ∈ An, let JP(c1, ...,cn)KA =
JP(c1, ...,cn)KT .

3. For the identity symbol, for any di,d j ∈ A, let Jdi = d jKA = Jdi = d jKT .

Claim 4.8.2. A is a B-valued model.

Proof of the Claim. For any di,d j,dk ∈ A,

(1) Jdi = diKA = 1.

Suppose not. Then for some h ∈ X , h(Jdi = diKA) = 0. Then di 6= di ∈ T B
h ,

making T B
h inconsistent.

(2) Jdi = d jKA = Jd j = diKA

Suppose not. Then for some h ∈ X , h(Jdi = d jKA) 6= h(Jd j = diKA). Then
(without loss of generality) di = d j ∈ T B

h and d j 6= di ∈ T B
h , making T B

h in-
consistent.

(3) Jdi = d jKAu Jd j = dkKA 6 Jdi = dkKA

Suppose not. Then for some h ∈ X , h(Jdi = dkKA) = 0 but h(Jdi = d jKA u
Jd j = dkKA) = 1. Hence h(Jdi = d jKA) = 1 and h(Jd j = dkKA)) = 1. Hence
di = d j,d j = dk ∈ T B

h but di 6= dk ∈ T B
h , making T B

h inconsistent.
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For any n-nary relation P, for any 〈c1, ...,cn〉,〈c′1, ...,c′n〉 ∈ An,

JP(c1, ...,cn)KAu (
l

16i6n

Jci = c′iK
A)6 JP(c′1, ...,c

′
n)K

A

For simplicity we only prove for the case when n = 1. The proofs for the cases
when n > 1 are very similar.
Suppose not. Then for some h∈X , h(JP(c′1)K

A)= 0 but h(Jc1 = c′1K
AuJP(c1)KA)=

1. Hence h(Jc1 = c′1K
A) = 1 and h(JP(c1)KA) = 1. Hence c1 = c′1,P(c1) ∈ T B

h but
¬P(c′1) ∈ T B

h , making T B
h inconsistent.

�

Finally we will show that A is a model of T B, i.e. for any φ of L ′, JφKA = JφKT .
We prove by induction on the complexity of φ .
Atomic cases:

(a) Jc = c′KA = Jdi = d jKT where Jc = diKT = J∃vi(c = vi)KT = 1 and Jc′ =
d jKT = J∃vi(c′ = vi)KT = 1.

We just need to show that p = Jdi = d jKT = Jc = c′KT = q.

Suppose not. Then for some h ∈ X , h(p) 6= h(q). Hence (WLOG) di = d j ∈
T B

h , c 6= c′ ∈ T B
h . But c = di,c′ = d j ∈ T B

h . T B
h is inconsistent. Contradiction.

(b) For the atomic cases of relations, again, we just show it for unary relations.
The cases of other n-nary relations where n > 1 are very similar.

JP(c)KA = JP(di)KT where Jc = diKT = J∃vi(c = vi)KT = 1.

We just need to show that p = JP(di)KT = JP(c)KT = q.

Suppose not. Then for some h ∈ X , h(p) 6= h(q). Hence (WLOG) P(di) ∈
T B

h , ¬P(c) ∈ T B
h . But c = di ∈ T B

h . T B
h is inconsistent. Contradiction.

Inductive cases:

(a) φ = ¬ψ .

JφKA = J¬ψKA =−JψKA =−JψKT = J¬ψKT

The last equation holds for the following reasons. Suppose not, and suppose
JψKT = p and J¬ψKT = q 6= −p. Then for some h ∈ X , h(−p) 6= h(q).
WLOG we can assume h(−p) = 1 and h(q) = 0. Then h(p) = 0. Then
¬ψ ∈ T B

h and ¬¬ψ ∈ T B
h , making T B

h inconsistent. Contradiction.
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(b) φ = ψ1∧ψ2.

Jψ1∧ψ2KA = Jψ1KAu Jψ2KA = Jψ1KT u Jψ2KT = Jψ1∧ψ2KT

The last equation holds for the following reasons. Suppose not, and sup-
pose Jψ1KT u Jψ2KT = p 6= q = Jψ1∧ψ2KT . Then for some h ∈ X , h(p) = 1
and h(q) = 0, or h(p) = 0 and h(q) = 1. Suppose h(p) = 1 and h(q) = 0.
Then ψ1,ψ2 ∈ T B

h , but ¬(ψ1 ∧ψ2) ∈ T B
h , making T B

h inconsistent. On the
other hand, suppose h(p) = 0 and h(q) = 1. Then ψ1∧ψ2 ∈ T B

h . Then both
h(Jψ1KT ) and h(Jψ2KT ) have to be 1, as otherwise ¬ψ1 or ¬ψ2 would be in
T B

h , which would make T B
h inconsistent. But then h(Jψ1KT u Jψ2KT ) = h(p)

has to be 1. Contradiction.

(c) φ = ψ1∨ψ2.

Jψ1∨ψ2KA = Jψ1KAt Jψ2KA = Jψ1KT t Jψ2KT = Jψ1∨ψ2KT

The last equation holds for the following reasons. Suppose not, and suppose
Jψ1KT t Jψ2KT = p 6= q = Jψ1∨ψ2KT . Then for some h ∈ X , h(p) = 1 and
h(q) = 0, or h(p) = 0 and h(q) = 1. Suppose h(p) = 1 and h(q) = 0. Then
¬(ψ1∨ψ2) ∈ T B

h , and hence both h(Jψ1KT ) and h(Jψ2KT ) have to be 0m as
otherwise ψ1 or ψ2 would be in T B

h , which would make T B
h inconsistent. But

then h(Jψ1KT tJψ2KT ) = h(p) has to be 0. Contradiction. On the other hand,
suppose h(p) = 0 and h(q) = 1. Then h(Jψ1KT ) = 0,h(Jψ2KT ) = 0. Hence
¬ψ1,¬ψ2 ∈ T B

h , but ψ1∨ψ2 ∈ T B
h , making T B

h inconsistent.

(d) φ = ∃viψ(vi).

Let θ(vi) be any formula with only vi free. Then it is easy to show that
for any di ∈ A, Jθ(vi)KA[di] = Jθ(di)KA, as JdiKA is some d j ∈ A such that
Jdi = d jKA = 1. Hence,

J∃viψ(vi)KA =
⊔

di∈A

Jψ(vi)KA[di] =
⊔

di∈A

Jψ(di)KA =
⊔

di∈A

Jψ(di)KT

We need to show that
⊔

di∈A
Jψ(di)KT = J∃viψ(vi)KT .

For the 6 direction: We just need to show that for any di ∈ A, Jψ(di)KT 6
J∃viψ(vi)KT . Suppose not, and suppose for some di ∈ A, Jψ(di)KT = p and
J∃viψ(vi)KT = q and p 
 q. Then pu−q 6= 0. Then for some h ∈ X , h(pu
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−q) = 1. Then h(q) = 0, and hence ¬∃viψ(vi) ∈ T B
h . But ψ(di) ∈ T B

h ,
making T B

h inconsistent.

For the > direction: by the setup of T ′B (hence of T B), at some stage of the
sequence (say, the ith stage), both 〈∃viψ(vi), p〉 and 〈ψ(di), p〉 are added to
T ′B, for some p ∈ B. Hence for some di ∈ A, J∃viψ(vi)KT = Jψ(di)KT .

Finally obviously A is witnessing.

Corollary 4.8.1 (Completeness). Let L be a countable language. Let SB be a
consistent Boolean-valuation of L . Then SB has a B-valued model.

Theorem 4.9 (Soundness). Let SB be a Boolean-valuation that has a B-valued
model, then SB is consistent.

Proof. Let A be a B-valued model of SB. Suppose SB is inconsistent, then for some
homomorphism h : B→ 2, SB

h is inconsistent. Then, some finite subset ∆h ⊆ SB
h is

inconsistent.
Let ∆h = {φ1, ...,φn}. Let φ = φ1∧ ...∧φn. Clearly φ is a contradiction. Hence by
Corollary 4.1.1, JφKA = 0.
Let 16 i6 n. Consider φi. Since φi ∈ ∆h ⊆ SB

h , there are two possibilities:

(1) for some pi ∈ B, 〈φi, pi〉 ∈ SB, and h(pi) = 1;

(2) for some pi ∈ B, 〈ψi, pi〉 ∈ SB, and h(pi) = 0, φi = ¬ψi.

Suppose (1). Then since A is a model of SB, JφiKA = pi. h(JφiKA) = h(pi) = 1.
Suppose (2). Then since A is a model of SB, JψiKA = pi. JφiKA = J¬ψiKA = −pi.
h(JφiKA) = h(−pi) =−h(pi) =−0 = 1.
In either case, h(JφiKA) = 1.
Hence h(JφKA) = h(Jφ1∧ ...∧φnKA) = h(Jφ1KA)u ...uh(JφnKA) = 1u ...u1 = 1.
Hence h(JφKA) 6= 0. Contradiction.

Corollary 4.9.1. Let L be a countable language. A Boolean-valuation SB of L is
consistent if and only if it has a B-valued model.

Corollary 4.9.2 (Compactness). Let L be a countable language. A Boolean-
valuation SB of L has a B-valued model if and only if every finite sub-valuation of
SB has a B-valued model.

Corollary 4.9.3 (Downward-Löwenheim). Let L be a countable language. If a
Boolean-valuation SB of L has a B-valued model, then it has a countable witness-
ing B-valued model.
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5 Relationship Between Models

Two-valued models can stand in different relationships with one another: for exam-
ple, a model can be isomorphic to another, a model can be a submodel of another,
a model can be a elementary submodel of another, etc. These concepts are the cor-
nerstone of the theory of two-valued models. The primary goal of this section is to
generalize these concepts to Boolean-valued models.

5.1 Duplicate Resistant Models

Before we move on to generalize these concepts, there is one important complica-
tion that I have to resolve first, which will be relevant to our later purposes. Astute
readers might have already noticed that the identity symbol is interpreted some-
what abnormally in the Boolean-valued models. The main abnormality, of course,
is that a Boolean-valued model might “think” that two objects in its domain are
identical to an intermediate degree between 0 and 1. We will talk more about iden-
tity in Boolean-valued models in Section 6. For current purposes, we will simply
focus on the following minor yet interesting feature of Boolean-valued models: our
definition of Boolean-valued models (Def 2.1) allows there to be “duplicates” in
the models - that is, two different objects a,b in the domain such that the value of
a = b is 1 in the model.

The existence of duplicates in a model, in a natural sense, is both harmless and
useless. To illustrate this point, we first introduce a new notion.

Definition 5.1. A B-valued mode A of L is duplicate resistant just in case for any
a,b ∈ A, if Ja = bKA = 1, then a and b are the same element.

In other words, duplicate resistant models are those that disallow duplicates. The
next results show that any Boolean-valued model is practically equivalent to a du-
plicate resistant model. But before that, we need an extra piece of definition.

Definition 5.2. Let A be a B-valued model of L . Let C be a complete Boolean
algebra. Let h : B→C be a homomorphism. Then the C-valued quotient model Ah

of L is defined as follows:

1. Universe:

Let a1,a2 ∈ A, define a1 ≡h a2 iff h(Ja1 = a2KA) = 1C.

It is easy to show that ≡h is an equivalence relation on A2, using Def 2.1.

Given ai ∈ A, let [ai]h = {a j ∈ A |ai ≡h a j}. Let the universe of Ah be Ah =
{[ai]h |ai ∈ A}.
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2. J=KAh
: Ah×Ah→C is the function such that for any [a1]h, [a2]h ∈ Ah,

J[a1]h = [a2]hKA
h
= h(Ja1 = a2KA)

3. Let P be an n-ary relation in L . JPKAh
: (Ah)n→C is the function such that

for any 〈[a1]h, ..., [an]h〉 ∈ (Ah)n,

JP([a1]h, ..., [an]h)KA
h
= h(JP(a1, ...,an)KA)

It is easy to show that J=KAh
and J=KAh

are well-defined.

4. Let c be a constant in L . JcKAh
= [JcKA]h.

Lemma 5.0.1. Let A be a B-valued model of L . Let h : B→ C be a complete
homomorphism. Let x,x′ be assignments on A such that for any vi ∈Var, x(vi)≡h
x′(vi). Then, for any formula φ of L ,

h(JφKA[x]) = h(JφKA[x′])

Proof. By induction on the complexity of φ .

Theorem 5.1. Let A be a B-valued model of L . Let h : B→ C be a complete
homomorphism. Let Ah be the C-valued quotient model as defined in Def 5.2.
Given x : Var→Ah an arbitrary assignment on Ah, let y : Var→A be an assignment
on A such that for any vi ∈Var, y(vi) ∈ x(vi). Then, for any formula φ in L ,

JφKA
h
[x] = h(JφKA[y])

Proof. By induction on the complexity of φ , with the help of Lemma 5.0.1.

Theorem 5.2 (Generalized Łos’ Theorem). Let A be a witnessing B-valued model
of L . Let h : B→C be a homomorphism. Let Ah be the C-valued quotient model.
Given x : Var→ Ah an arbitrary assignment on Ah, let y : Var→A be an assignment
on A such that for any vi ∈Var, y(vi) ∈ x(vi). Then, for any formula φ in L ,

JφKA
h
[x] = h(JφKA[y])

Proof. See [21] or [19].
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Definition 5.3. Let A be a B-valued model of L . Let h : B→ B be the identity
function on B. The duplicate resistant copy of A, Ad , is the B-valued quotient
model Ah of L .

Theorem 5.3. Let A be a B-valued model of L , and let Ad be its duplicate resistant
copy, as defined in Def 5.3. Given x : Var→ Ad an arbitrary assignment on Ad , let
y : Var→ A be an assignment on A such that for any vi ∈Var, y(vi) ∈ x(vi). Then,
for any formula φ ,

JφKA
d
[x] = JφKA[y]

Proof. The proof is a straightforward application of Theorem 5.1, since the identity
function h : B→ B is a complete homomorphism.

In other words, the value of any formula under some assignment x in the origi-
nal model is the same as the value of the formula in the duplicate resistant copy,
when we assign instead of objects equivalence classes of objects to the variables.
As a consequence, all sentences have the same value in the duplicate resistant copy.

We have argued that the existence of duplicates is harmless and useless, from a
technical point of view13. This is mostly true, except that the existence of dupli-
cates creates some technical difficulty when we intend to generalize concepts like
isomorphism. Consider a model A with a finite domain and consider adding to A
a new object b such that b is added as a duplicate of an original object a. Call the
latter model A′. How is A and A′ related? Intuitively, they should be practically
the same. The addition of b is null in the sense that it makes no contribution to the
evaluation of formulas. We would want our theory to indicate that the two models
are isomorphic. Nevertheless, if we generalize the concept of isomorphism in the
most straightforward way, A and A′ will not be isomorphic. This is because, in the
two-valued framework, an isomorphism between models has to be a bijection. But
there is no bijection between A and A′.

One natural solution to resolve all these difficulties is to first define the notions of
isomorphism, submodel, etc. on duplicate resistant models, in the most straightfor-
ward way, and then define isomorphism, etc. on arbitrary Boolean-valued models

13The reason why I do not block the existence of duplicates in the definition of Boolean-valued
models, like in the case of two-valued models, is that the possibility of having duplicates might have
interesting applications to certain philosophical issues. Models are relative to languages. And some-
times the language under concern might have limited expressive power in that it cannot distinguish
between two potentially different objects. If we understand “=” as meaning “indistinguishable”, then,
we would want to allow there to be objects that are “duplicates” of each other, in the sense defined
above.
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using the former. For example, we can define two Boolean-valued models as iso-
morphic just in case their duplicate resistant copies are isomorphic. This is going
to be the method that we will adopt in the following subsections, as I believe that
under this method we have the most natural and simple definitions for concepts
like isomorphism. Alternative methods are available, of course: for example, we
can give a definition of isomorphism under which isomorphisms do not have to be
bijections. In the end, which method we adopt is more of a matter of taste than a
matter of mathematical significance.

5.2 Isomorphism, Submodel, and Diagram

In this and the next two subsections, for reasons we have given in the previous sub-
section, we will assume all Boolean-valued models are duplicate resistant. Also,
whenever we do not mention explicitly, we assume all models are models of a
first-order language L .

Definition 5.4 (Isomorphism). Let A1 and A2 be two B-valued models. A bijection
f : A1→ A2 is an isomorphism just in case: (let ti be a term)

1. For any a1,a2 ∈ A1, Jt1 = t2KA1 [a1,a2] = Jt1 = t2KA2 [ f (a1), f (a2)].

2. Let P be an n-nary predicate. For any 〈a1, ...,an〉 ∈An
1, JP(t1, ..., tn)KA1 [a1, ...,an]

= JP(t1, ..., tn)KA2 [ f (a1), ..., f (an)].

3. Let c be a constant. JcKA2 = f (JcKA1).

When there exists an isomorphism from A1 to A2, we say that A1 and A2 are
isomorphic.

Definition 5.5 (Submodel). Let A1 and A2 be two B-valued models. Let A1 ⊆ A2.
A1 is a submodel of A2 just in case: (let ti be a term)

1. For any a1,a2 ∈ A1, Jt1 = t2KA1 [a1,a2] = Jt1 = t2KA2 [a1,a2].

2. Let P be an n-nary predicate. For any 〈a1, ...,an〉 ∈An
1, JP(t1, ..., tn)KA1 [a1, ...,an]

= JP(t1, ..., tn)KA2 [a1, ...,an].

3. Let c be a constant. JcKA2 = JcKA1 .

Definition 5.6 (Diagram). Let A be a B-valued model of L . Let LA = L ∪
{ca | a ∈ A}, where {ca | a ∈ A} is a new set of constants, one for each a ∈ A.
Expand A to a model of LA (call it A∗) such that for all a ∈ A, JcaKA

∗
= a.

The diagram of A is the B-valuation SB which consists of and only of all the pairs
of the form 〈φ ,JφKA∗〉 where φ is an atomic sentence or the negation of an atomic
sentence of LA and JφKA∗ is the value of φ in A∗.
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Theorem 5.4. Let A1 and A2 be two B-valued models. The following statements
are equivalent:

(1) A1 is isomorphic to a submodel of A2.

(2) A2 can be expanded to a model of the diagram of A1.

Proof. (1) ⇒ (2). Let f : A1 → A3 ⊆ A2 be an isomorphism, where A3 is a sub-
model of A2. Expand A2 to a model of LA1 (call it A′2) as follows: for any a ∈ A1,
let JcaKA2 = f (a).
We will show that A′2 is a model of the diagram of A1. Let A∗1 be the standard
expansion of A1 to LA1 .
Let φ(ca1 , ...,can) be an atomic sentence or the negation of an atomic sentence
of LA1 , where ca1 , ...,can are all the constants of LA1 \L that appear in φ . Let
φ ′(v1, ...,vn) be the formula of L that we get bu substituting ca1 in φ with v1, ..., can

in φ with vn, and we assume that none of v1, ...,vn appear in φ(ca1 , ...,can). Then

Jφ(ca1 , ...,can)K
A∗1 = Jφ(v1, ...,vn)KA1 [a1, ...,an]

= Jφ(v1, ...,vn)KA3 [ f (a1), ..., f (an)]

= Jφ(v1, ...,vn)KA2 [ f (a1), ..., f (an)]

= Jφ(ca1 , ...,can)K
A′2

The second equation holds since A1 is isomorphic to A3. The third equation holds
since A3 is a submodel of A2.
(2) ⇒ (1). Let A′2 be an expansion of A2 to LA1 such that A′2 is a model of the
diagram of A1.
Construct f : A1 → A2 as follows: for any a ∈ A1, f (a) = JcaKA

′
2 . Let A3 be the

submodel of A2 whose domain is generated by f [A1].
We will show that the domain of A3 is precisely f [A1]. Let c be a constant in L .
And suppose JcKA1 = a ∈ A1. Then Jc = caKA

∗
1 = 1 and therefore Jc = caKA

′
2 = 1.

Since A2 is duplicate resistant, A′2 is also duplicate resistant. Hence JcKA′2 = JcaKA
′
2 .

Hence JcKA3 = f (a) ∈ f [A1].
We will next show that f : A1→ A3 is an isomorphism. We first show that f is a
bijection. Trivially it is surjective. Suppose f (a1) = f (a2), then Jca1KA

′
2 = Jca2KA

′
2

and therefore Jca1 = ca2KA
′
2 = 1. Since A′2 is a model of the diagram of A1, Jca1 =

ca2KA
∗
1 = 1. Hence Ja1 = a2KA1 = 1. Since A1 is duplicate resistant, a1 = a2. Hence

f is injective.
Let φ(v1, ...,vn) be an atomic formula of L with free variables v1, ...,vn. Let
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a1, ...,an ∈ A1. Then

Jφ(v1, ...,vn)KA1 [a1, ...,an] = Jφ(ca1 , ...,can)K
A∗1

= Jφ(ca1 , ...,can)K
A′2

= Jφ(v1, ...,vn)KA2 [ f (a1), ..., f (an)]

= Jφ(v1, ...,vn)KA3 [ f (a1), ..., f (an)]

The second equation holds because A′2 is a model of the diagram of A1. The third
equation holds by the definition of f . The fourth equation holds because A3 is a
submodel of A2.
Let c be a constant in L . Then using the same reasoning as above, JcKA3 = JcKA′2 =
JcaKA

′
2 = f (a) = f (JcKA1), where JcKA1 = a ∈ A1.

Definition 5.7 (Homomorphism). Let A1 and A2 be two B-valued models. A sur-
jection f : A1→ A2 is an homomorphism just in case: (let ti be a term)

1. For any a1,a2 ∈ A1, if Jt1 = t2KA1 [a1,a2] = p (where p ∈ B), then Jt1 =
t2KA2 [ f (a1), f (a2)] = p.

2. Let P be an n-nary predicate. For any 〈a1, ...,an〉 ∈An
1, if JP(t1, ..., tn)KA1 [a1, ...,an] =

p, then = JP(t1, ..., tn)KA2 [ f (a1), ..., f (an)] = p.

3. Let c be a constant. JcKA2 = f (JcKA1).

When there exists an homomorphism from A1 to A2, we say that A1 and A2 are
homomorphic.

Definition 5.8 (Positive Diagram). Let A be a B-valued model of L . Let LA =
L ∪{ca | a ∈ A}, where {ca | a ∈ A} is a new set of constants, one for each a ∈ A.
Expand A to a model of LA (call it A∗) such that for all a ∈ A, JcaKA

∗
= a.

The positive diagram of A is the B-valuation SB which consists of and only of all
the pairs of the form 〈φ ,JφKA∗〉 where φ is an atomic sentence of LA and JφKA∗ is
the value of φ in A∗.

Theorem 5.5. Let A1 and A2 be two B-valued models. The following statements
are equivalent:

(1) A1 is homomorphic to a submodel of A2.

(2) A2 can be expanded to a model of the positive diagram of A1.

Proof. The same proof as that of Theorem 5.4 with minor adjustments.
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5.3 Elementary Submodel and Downward Löwenheim-Skolem

Definition 5.9 (Elementary Submodel). Let A1 and A2 be two B-valued models
of L . Let A1 ⊆ A2. A1 is an elementary submodel of A2 just in case: A1 is a
submodel of A2, and for any formula φ(v1, ...,vn) of L , any a1, ...,an ∈ A1,

Jφ(v1, ...,vn)KA1 [a1, ...,an] = Jφ(v1, ...,vn)KA2 [a1, ...,an]

Theorem 5.6. Let A1 be a witnessing B-valued model and A2 be a B-valued model.
A1is an elementary submodel A2 if and only if A1 is a submodel of A2, and for any
formula ∃vφ(v,v1, ...,vn) of L , any a1, ...,an ∈ A1, for some a ∈ A1,

J∃vφ(v,v1, ...,vn)KA1 [a1, ...,an] = Jφ(v,v1, ...,vn)KA2 [a,a1, ...,an]

Proof. The left to right direction is proved by directly applying Def 5.9 and the
fact that A1 is witnessing.
The right to left direction is proved by induction on the complexity of φ . The only
non-trivial step is the inductive step on existential formulas. Consider ∃vφ(v,v1, ...,vn)
and a1, ...,an ∈ A1. Obviously J∃vφKA1 [a1, ...,an] 6 J∃vφKA2 [a1, ...,an]. For the
other direction, for some a ∈ A1,

J∃viφKA2 [a1, ...,an] = JφKA2 [a,a1, ...,an]

= JφKA1 [a,a1, ...,an]

6 J∃viφKA1 [a1, ...,an]

Definition 5.10 (Elementary Diagram). Let A be a B-valued model of L . Let
LA = L ∪{ca | a ∈ A}, where {ca | a ∈ A} is a new set of constants, one for each
a ∈ A. Expand A to a model of LA (call it A∗) such that for all a ∈ A, JcaKA

∗
= a.

The elementary diagram of A is the B-valuation SB which consists of and only of
all the pairs of the form 〈φ ,JφKA∗〉 where φ is a sentence of LA and JφKA∗ is the
value of φ in A∗.

Theorem 5.7. Let A1 and A2 be two B-valued models. The following statements
are equivalent:

(1) A1 is isomorphic to an elementary submodel of A2.

(2) A2 can be expanded to a model of the elementary diagram of A1.

Proof. The same proof as that of Theorem 5.4 with minor adjustments.
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When A1 is isomorphic to an elementary submodel of A2, we say that A1 is ele-
mentarily embedded in A2.

In Section 4 we proved a weaker version of the generalized Downward-Löwenheim-
Skolem Theorem (Corollary 4.9.3). With the notion of elementary submodels we
can now prove a stronger version of this theorem. Again, we assume that L is a
countable language.

Theorem 5.8 (Downward-Löwenheim). Let A be a B-valued model of L that is
witnessing. Then A has a countable elementary submodel.

Proof. Let φ be an arbitrary sentence of L that is of the form ∃vψ . Since A is
witnessing, there is some a ∈ A such that J∃vψKA = JψKA[a]. Pick such a witness
for each sentence of the form ∃vψ . Let X ⊆ A be the set of all picked witnesses.
Construct an increasing sequence:

X = X0 ⊆ X1 ⊆ X2 ⊆ ...⊆ Xi ⊆ ..., i < ω

Given Xi. Let ∃vψ(v,v1, ...,vn) be a formula with v1, ...,vn free, and let a1, ...,an ∈
Xi. Again, since A is witnessing, there is some a∈ A such that J∃vψKA[a1, ...,an] =
JψKA[a,a1, ...,an]. We pick a witness for each formula of the form ∃vψ(v,v1, ...,vn)
and a1, ...,an ∈ Xi. Let Xi+1 be X union all the picked witnesses.
Let A′ =

⋃
i<ω Xi. Since L is countable, X and each Xi is countable. Hence A′ is

also countable. Form a model A′ with universe A′:

1. For any a,b ∈ A′, Ja = bKA′ = Ja = bKA.

2. Let P be an n-ary relation. For any a1, ...,an ∈A′, JP(a1, ...,an)KA
′
= JP(a1, ...,an)KA.

3. Let c be a constant. Let JcKA′ be some a∈A′ such that Jvi = cKA[a] = J∃vivi =
cKA. Such an a exists by the setup of A′.

It is easy to see that A′ is a submodel of A. For any constant c, JJcKA′ = JcKA′KA = 1
by the choice of JcKA′ , and since A is duplicate resistant, JcKA′ = JcKA.
We will show that A′ is also an elementary submodel of A. Let ∃vψ(v,v1, ...,vn) be
a formula with v1, ...,vn free, and let a1, ...,an ∈ A′. Since a1, ...,an ∈ A′ =

⋃
i<ω Xi,

for some i < ω , a1, ...,an ∈ Xi. Hence for some a ∈ Xi+1 ⊆ A′, J∃vψKA[a1, ...,an] =
JψKA[a,a1, ...,an]. By Theorem 5.6, A′ is an elementary submodel.

Corollary 5.8.1. If a B-valuation SB has a witnessing B-valued model A, then it
has a countable witnessing B-valued model that is an elementary submodel of A.
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The stronger Downward-Löwenheim-Skolem Theorem is a natural generalization
of the homonymous theorem on two-valued models, as every two-valued model
is witnessing. Interestingly, the requirement that A is witnessing in the stronger
Downward-Löwenheim-Skolem Theorem cannot be dropped, as the theorem no
longer holds when A is not necessarily witnessing. This result, I think, is another
example of the fact that certain features of two-valued models can only be general-
ized to witnessing Boolean-valued models, but not to all Boolean-valued models.

Theorem 5.9. There exists a Boolean-valued model A that does not have a count-
able elementary submodel.

Proof. Let B be a complete Boolean algebra such that from some D⊆ B, |D|= ω1
and for any C ⊆ D such that |C|< ω1,

⊔
C 6=

⊔
D = p. Let D = {pα | α < ω1}.

Let |A| = ω1. Let A = {aα | α < ω1}. Let P be a unary predicate. (Predicates of
other arities can work as well) Let A be such that for any α < ω1, JP(aα)KA = pα .
The obviously J∃vP(v)KA =

⊔
α<ω1

pα =
⊔

D = p. And no countable submodel of
A is such that the value of ∃vP(v) in it is p.

5.4 Elementary Equivalence and Elementary Chain

Definition 5.11 (Elementary Equivalence). Let A1 and A2 be two B-valued models
of L . A1 and A2 are elementarily equivalent just in case for any sentence φ in L ,
JφKA1 = JφKA2 .

Theorem 5.10. Let {Ai | i ∈ I} be a set of witnessing B-valued models such that
for any i, j ∈ I, Ai and Aj are elementarily equivalent. Then there exists a B-valued
model A such that for any i ∈ I, Ai is elementarily embedded in A.

Proof. For each Ai, let SB
i be the elementary diagram of Ai. We assume that if

i 6= j, then {ca | a ∈ Ai}∩ {ca | a ∈ A j} = /0. Let
⋃

i∈I SB
i be the union of all the

elementary diagrams.

Claim 5.10.1.
⋃
i∈I

SB
i is a consistent B-valuation.

Proof of the Claim. By Theorem 4.5, we only need to show that every finite
sub-valuation of

⋃
i∈I SB

i is consistent. Let ∆B = {〈φ1(c1), p1〉, ...,〈φn(cn), pn〉}
be a finite sub-valuation of

⋃
i∈I SB

i . WLOG we assume that for any i 6 k 6 n,
〈φk(ck), pk〉 ∈ SB

k , and ck is the only constant from {ca | a ∈ Ak} that appears in φk.
Assume for reductio that ∆B is inconsistent. Then for some homomorphism h :
B→ 2, ∆B

h is inconsistent.
Suppose ∆B

h = {θ1(c1), ...,θ(cn)} such that θk = φk if h(pk) = 1 and θk = ¬φk if
h(pk) = 0. Then θ1(c1) ` ¬θ2(c2)∨ ...∨¬θn(cn).
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Since 〈φ1(c1), p1〉 ∈ SB
1 , θ(c1) ∈ (SB

1 )h. Hence (SB
1 )h ` ¬θ2(c2)∨ ...∨¬θn(cn).

And by assumption c2, ...,cn do not appear in (SB
1 )h, hence (SB

1 )h ` ∀vi¬θ2(vi)∨
...∨∀vi¬θn(vi).
By assumption, ∀vi¬θ2(vi), ...,∀vi¬θn(vi) are sentences of L . Hence for each
26 k6 n, for some qk ∈ B, 〈∀vi¬θk(vi),qk〉 ∈ SB

1 . Also since SB
1 is consistent (as it

has a B-valued model, namely A1), qk is unique.
But all the Ai’s are elementarily equivalent. Hence for any i ∈ I, for any 2 6
k 6 n, 〈∀vi¬θk(vi),qk〉 ∈ SB

i . And as a result, for any i ∈ I, 〈∀vi¬θ2(vi)∨ ...∨
∀vi¬θn(vi),q2t ...tqn〉 ∈ SB

i .
Now since (SB

1 )h ` ∀vi¬θ2(vi)∨ ...∨∀vi¬θn(vi), and since SB
1 is consistent, h(q2t

...tqn) = 1. Hence for some 26 k 6 n, h(qk) = 1.
Hence ∀vi¬θk(vi) ∈ (SB

k )h. But θk(ck), by assumption, is also in (SB
k )h. Hence

(SB
k )h is consistent. But SB

k is the elementary diagram of Ak, and therefore it has a
B-valued model and should be consistent. Contradiction.

�
We showed that

⋃
i∈I SB

i is consistent. By Corollary 4.8.1, it has a B-valued model
A′. Let A be the reduct of A′ to L . By Theorem 5.7, for any i ∈ I, Ai is elemen-
tarily embedded in A.

Definition 5.12. Let I be an index set. For each i ∈ I, let Ai be a Bi-valued model
of the language L . Then the direct product model, ∏i∈I Ai, of the Ai’s, is defined
as the following ∏i∈I Bi-valued14 model of L :

1. The universe is ∏
i∈I

Ai, where for each i, Ai is the universe of Ai.

2. Let 〈ai〉i∈I,〈bi〉i∈I ∈ ∏
i∈I

Ai, J〈ai〉i∈I = 〈bi〉i∈IK
∏
i∈I

Ai
= 〈Jai = biKAi〉i∈I .

3. Let 〈a1
i 〉i∈I,〈a2

i 〉i∈I, ...,〈an
i 〉i∈I ∈ ∏

i∈I
Ai, JP(〈a1

i 〉i∈I,〈a2
i 〉i∈I, ...,〈an

i 〉i∈I)K
∏
i∈I

Ai
=

〈JP(a1
i ,a

2
i , ...,a

3
i )K

Ai〉i∈I .

4. For any constant c in L , JcK
∏
i∈I

Ai
= 〈JcKAi〉i∈I .

Theorem 5.11 (Direct Product Theorem). Let I be an index set. For each i ∈
I, let Ai be a Bi-valued model. Let ∏

i∈I
Ai be their direct product model. Given

an assignment x : Var → ∏
i∈I

Ai on ∏
i∈I

Ai, for each i ∈ I, let yi : Var → Ai be the

14
∏i∈I Bi is the product algebra of the Bi’s. It is easy to see that ∏i∈I Bi is a complete Boolean

algebra when every Bi is a complete Boolean algebra.

32



assignment on Ai such that for any vn ∈ Var, yi(vn) = proji(x(vn)), where proji :
∏
i∈I

Ai→ Ai is the ith projection function. Then, for any formula φ in L ,

JφK
∏
i∈I

Ai
[x] = 〈JφKAi [yi]〉i∈I

Proof. By induction on the complexity of φ .

For the next theorem, we identify any Boolean algebra with its isomorphic copies.

Theorem 5.12. Let A be a B-valued model. Let I be an arbitrary index set. Then
A is elementarily embedded in ∏i∈I A.

Proof. Let A′ be the submodel of ∏i∈I A generated by A′ = {〈a〉i∈I | a ∈ A}. It
is easy to show that the domain of A′ is precisely A′, since for any constant c,
JcK∏i∈I A = 〈JcKA〉i∈I ∈ A′.
We can show that A′ is an elementary submodel of ∏i∈I A by induction on the
complexity of φ . The only non-trivial case is the inductive step on existential
formulas. Let φ(v,v1, ...,vn) be a formula with v,v1, ...,vn free:

J∃vφKA
′
[〈a1〉i∈I, ...,〈an〉i∈I] =

⊔
〈b〉i∈I∈A′

JφKA
′
[〈b〉i∈I,〈a1〉i∈I, ...,〈an〉i∈I]

=
⊔

〈b〉i∈I∈A′
JφK

∏
i∈I

A
[〈b〉i∈I,〈a1〉i∈I, ...,〈an〉i∈I]

=
⊔

〈b〉i∈I∈A′
〈JφKA[b,a1, ...,an]〉i∈I

= 〈
⊔
b∈A

JφKA[b,a1, ...,an]〉i∈I

= 〈J∃vφKA[a1, ...,an]〉i∈I

= J∃vφK
∏
i∈I

A
[〈a1〉i∈I, ...,〈an〉i∈I]

The second equation holds by inductive hypothesis. The third equation holds by
Theorem 5.11.
Finally it is easy to see that B is isomorphic to the Boolean algebra B′ = {〈p〉i∈I ∈
∏i∈I B | p ∈ B}, and that the latter is a complete subalgebra of ∏i∈I B.
Moreover, for any formula φ(v1, ...,vn), any 〈a1〉i∈I, ...,〈an〉i∈I ,

JφKA
′
[〈a1〉i∈I, ...,〈an〉i∈I] = JφK

∏
i∈I

A
[〈a1〉i∈I, ...,〈an〉i∈I]

= 〈JφKA[a1, ...,an]〉i∈I ∈ B′
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And hence although the value range of A′ is officially ∏i∈I B, only values from B′

might actually be used of. Hence A′, in a natural sense, really has B′ as its value
range. Let f : A→ A′ be such that for any a ∈ A, f (a) = 〈a〉i∈I . It is easy to show
that f is an isomorphism.

Lemma 5.12.1. Let I be an index set. For any i ∈ I, let Ai be a Bi-valued model
that is witnessing. Then ∏i∈I Ai is a witnessing model.

Proof. For simplicity we ignore the parameters. Let φ(vi) be a formula. Then
J∃viφK∏i∈I Ai = 〈J∃viφKAi〉i∈I , by Theorem 5.11. Since for any i ∈ I, Ai is witness-
ing, for some ai ∈ Ai, J∃viφKAi = JφKAi [ai]. Pick such an ai for each Ai. Then
〈J∃viφKAi〉i∈I = 〈JφKAi [ai]〉i∈I = JφK∏i∈I Ai [〈ai〉i∈I].

Theorem 5.13. Let A be a witnessing B-valued model. Let I be an arbitrary index
set. Let h : ∏i∈I B→ B be a homomorphism such that for any p ∈ B, h(〈p〉i∈I) = p.
Then A and (∏i∈I A)

h are elementarily equivalent.

Proof. Let A be a witnessing model and let h : ∏i∈I B→ B be a homomorphism
such that for any p∈B, h(〈p〉i∈I) = p. Let φ be a sentence of L . Let JφKA = p∈B.
By Lemma 5.12.1, ∏i∈I A is a witnessing model. Hence it is in the scope of Theo-
rem 5.2. Hence JφK(∏i∈I A)

h
= h(JφK∏i∈I A) = h(〈JφKA〉i∈I) = h(〈p〉i∈I) = p.

Definition 5.13 (Chain of Models). Let α be an ordinal. For each β < α , let
Aβ be a B-valued model. A chain of models is an increasing sequence of models
A0 ⊂A1 ⊂ ...⊂Aβ ⊂ ..., β < α , where A0 is a submodel of A1, A1 is a submodel
of A2, etc.

Definition 5.14 (Union of the Chain). Given a chain of models A0 ⊂ ... ⊂ Aβ ⊂
..., β < α , the union of the chain is the B-valued model A=

⋃
β<α Aβ such that:

1. The universe of A is A =
⋃

β<α Aβ .

2. Let a1,a2, ...,an ∈ A. The for some β < α , a1, ...,an ∈ Aβ .

(a) Let 16 i, j,6 n. Jai = a jKA = Jai = a jKAβ .

(b) Let P be an n-ary relation. JP(a1, ...,an)KA = JP(a1, ...,an)KAβ .

(c) Let c be a constant. JcKA = JcKAβ .

Proposition 5.1. The union of a chain is a B-valued model. Also, for every β < α ,
Aβ is a submodel of

⋃
β<α Aβ .
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Theorem 5.14 (Generalized Elementary Chain Theorem). Let {Aβ | β < α} be an
elementary chain of models. Then for any β < α , Aβ is an elementary submodel
of

⋃
β<α Aβ .

Proof. Let A =
⋃

β<α Aβ . We need to show that for any β < α , for any formula
φ(v1, ...,vn), any a1, ...,an ∈ Aβ ,

JφKA[a1, ...,an] = JφKAβ [a1, ...,an]

The atomic cases are already covered by Proposition 5.1. The inductive cases on
sentential connectives are straightforward. Let φ(v1, ...,vn) = ∃vψ(v,v1, ...,vn).
Let J∃vψKA[a1, ...,an] =

⊔
a∈AJψKA[a,a1, ...,an] = p1 ∈B. Let J∃vψKAβ [a1, ...,an] =⊔

a∈AJψKAβ [a,a1, ...,an] = p2 ∈ B.
Since A =

⋃
β<α Aβ , Aβ ⊆ A. By inductive hypothesis we have p2 6 p1. Hence

we only need to show that p1 6 p2.
Suppose p1 
 p2. Then for some a∈A, JψKA[a,a1, ...,an]
 p2. Let JψKA[a,a1, ...,an]
be p3.
Since a ∈ A =

⋃
β<α Aβ , for some η < α , a ∈ Aη . Either η 6 β or β 6 η . We will

show that both possibilities lead to contradiction.
Suppose η 6 β . Then a,a1, ...,an ∈Aβ . By inductive hypothesis, JψKAβ [a,a1, ...,an] =

JψKA[a,a1, ...,an] = p3. But then p3 6 p2 = J∃vψKAβ [a1, ...,an]. Contradiction.
Suppose β 6η . Then a,a1, ...,an ∈Aη . By inductive hypothesis, JψKAη [a,a1, ...,an] =
JψKA[a,a1, ...,an] = p3. But since a1, ...,an ∈ Aβ , and Aβ is an elementary sub-
model of Aη by the construction of the chain,

J∃vψKAη [a1, ...,an] = J∃vψKAβ [a1, ...,an] = p2

But then p3 6 p2. Contradiction.
Hence p1 6 p2. And therefore p1 = p2.

6 True Identity Models

The identity symbol in Boolean-valued models is interpreted in a non-standard
way. When B is a complete Boolean algebra that properly extends 2, our definition
of Boolean-valued models allows that in some B-valued model A, for some a,b∈A,
Ja = bKA = p ∈ B, where p is neither 1B or 0B. This is an interesting feature of
Boolean-valued models, which I believe will give rise to attractive philosophical
applications. But that is a topic of another paper. In this section, nevertheless, we
will study a special type of Boolean-valued models: those in which the identity
symbol is interpreted in a standard way.
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Definition 6.1 (True Identity Model). A B-valued model A is a true identity model
just in case J=KA : A×A→ B is the real identity function on A×A, i.e. for any
a,b ∈ A, if a and b are not the same element, then Ja = bKA = 0B.

Proposition 6.1. Let L be a first order language whose only non-logical symbols
are constants. Let A be a B-valued true identity model of L . Then for any formula
φ(v1, ...,vn) ∈L , any a1, ...,an ∈ A, JφKA[a1, ...,an] ∈ {0B,1B}.

Theorem 6.1. Let A be a B-valued true identity model. Let h : B→C be a homo-
morphism. Then the quotient model Ah is a C-valued true identity model. More-
over, A and Ah have the same domain.

Proof. A = Ah because for any a1,a2 ∈ A, a1 ≡h a2 iff h(Ja1 = a2KA) = 1 iff a1 =
a2, as A is a true identity model. Also, if [a1]h 6= [a2]h, then a1 6= a2, and then
J[a1]h = [a2]hKA

h
= h(Ja1 = a2KA) = h(0B) = 0C.

We next define another special kind of Boolean-valued models - the full models.

Definition 6.2 (Antichain). Let B be a Boolean algebra. A subset D ⊆ B is an
antichain just in case for any p,q ∈ D, puq = 0.

Definition 6.3 (Full Model). Let A be a B-valued model. A is a full model just in
case for any antichain D⊆ B, and {ad | d ∈ D} ⊆ A, there is an a ∈ A such that for
any d ∈ D, d 6 Ja = adKA.

We can show that all full models are witnessing.

Theorem 6.2. Let A be a full B-valued model. Then A is witnessing.

Proof. For simplicity we ignore the parameters. Let φ(v) be a formula with only v
free. Let J∃vφKA = p ∈ B. We will show that for some a ∈ A, Jφ(v)KA[a] = p. If
p = 0, then the statement is trivial. So we assume p > 0.
Let D = {d ∈ B \ {0} | for some ad ∈ A,d 6 Jφ(ad)KA}. Let Q be the set of all
antichains made up of elements in D. By Zorn’s lemma, Q has a maximal element.
Call it C.
We can show that D is dense below p. Let 0 6= p′ 6 p. Since p =

⊔
a∈AJφ(a)KA,

for some a ∈ A, p′u Jφ(a)KA 6= 0. But p′u Jφ(a)KA ∈ D and p′u Jφ(a)KA 6 p′.
Hence p6

⊔
C: suppose not, then pu−(

⊔
C) 6= 0. Since D is dense below p, for

some d ∈ D, d 6 pu−(
⊔

C) 6 −(
⊔

C). Then C∪{d} is an antichain in D that
properly extends C. Contradiction.
For every d ∈C, let ad be some element in A such that d 6 Jφ(ad)KA.
Since A is full, there is some a ∈ A such that for all d ∈C, d 6 Ja = adKA.
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Since d 6 Jφ(ad)KA as well, d 6 Ja = adKA u Jφ(ad)KA 6 Jφ(a)KA. Hence p =
J∃vφKA 6

⊔
C 6 Jφ(a)KA. And trivially Jφ(a)KA 6 J∃vφKA. Hence Jφ(a)KA =

J∃vφKA.

But the next results show that the converse is false: witnessing models are not
necessarily full.

Theorem 6.3. Let A be a B-valued true identity model. If B is a proper Boolean
extension of 2, and if |A|> 1, then A is not a full model.

Proof. Since B is a proper extension of 2, there is some p ∈ B such that 0 6= p 6= 1.
Then {p,−p} is an antichain. Let a1,a2 be any two different elements in A. Then
for any a ∈ A, either p 
 Ja = a1KA, or −p 
 Ja = a2KA, as A is a true identity
model.

Theorem 6.4. Let L be an arbitrary first order language. Let B be a complete
Boolean algebra that properly extends 2. Then there is a witnessing B-valued true
identity model A of L , whose domain has more than one element.

Proof. Pick p ∈ B such that 0 6= p 6= 1. For any n-ary relation P in L , for any
a1, ...,an ∈ A, let JP(a1, ...,an)KA = p. Also let J=KA be the identity function on
A×A. It is easy to show that A is witnessing.

Corollary 6.4.1. Let L be an arbitrary first order language. Let B be a complete
Boolean algebra that properly extends 2. Then there is a witnessing B-valued true
identity model of L that is not full.

In Section 4.1 we have proved a collection of results involving theories of first
order languages and Boolean-valued models. In the following we will state a few
theorems about theories and Boolean-valued true identity models. We will state
the results without proofs as they are all very straightforward.

Theorem 6.5. Let T be a theory in L . T is consistent if and only if for some
complete Boolean Algebra B, T has a B-valued true idenity model A.

Theorem 6.6. Let B be any complete Boolean algebra. A theory T has a B-valued
true identity model just in case every finite subset of T has a B-valued true identity
model.
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Recall that in Section 4, we have argued that the notion of Boolean-valuations is
a natural generalization of the notion of theories. For the rest of this section we
consider questions involving Boolean-valuations and true identity models. For ex-
ample, what kind of Boolean-valuations correspond to true identity models? Does
compactness holds on these Boolean-valuations? etc. Again, we assume that L is
a countable language.

Definition 6.4. A B-valuation SB respects identity just in case for any countable set
of new constants D, SB can be extended into a consistent B-valuation S′B of L ∪D
such that for any constants c,d in L ∪D, either 〈c = d,1〉 ∈ S′B or 〈c = d,0〉 ∈ S′B.

Theorem 6.7. A B-valuation SB respects identity if and only if it has a true identity
B-valued model.

Proof. For the right to left direction, we suppose SB has a true identity B-valued
model A. Let D be a countable set of new constants. Expand A to a model of
L ∪D arbitrarily: for any c ∈D, let JcKA be a random element in A. Let S′B be the
set of all pairs of the form 〈φ , p〉 where φ is a sentence of L ∪D and p = JφKA.
Then S′B is a consistent B-valuation that extends SB such that for any constants c,d
in L ∪D, either 〈c = d,1〉 ∈ S′B or 〈c = d,0〉 ∈ S′B.
The proof for the left to right direction is similar that that of Theorem 4.8. Let C be
a new countable set of constants. Let L ′ = L ∪D. Enumerate all formulas with
one free variable in L ′: φ0(v),φ1(v), ....
For any sentence ψ in L ′, for some p∈ B, SB∪{〈ψ, p〉} is such that it is contained
in some consistent B-valuation of L ′ that has either 〈c = d,1〉 or 〈c = d,0〉, for
any constants c,d ∈L ′, as SB respects identity, and any consistent B-valuation is
contained in some maximal consistent B-valuation.
Now form an increasing chain of B-valuations:

SB = SB
0 ⊆ SB

1 ⊆ ...⊆ SB
i ⊆ ... i < ω

Given SB
i , first add 〈∃vφi(v), p〉 to SB

i , where SB
i ∪ {〈∃vφi(v), p〉} is such that it

is contained in some consistent B-valuation of L ′ that has either 〈c = d,1〉 or
〈c = d,0〉, for any constants c,d ∈L ′. Then add 〈φi(di), p〉, where di is some new
constant from C that has not appeared in SB

i ∪{〈∃vφi(v), p〉}. Such a new constant
exists as there are only finitely many constants from C in SB

i ∪{〈∃vφi(v), p〉}.
It is easy to show aht SB

i+1 = SB
i ∪{〈∃vφi(v), p〉,〈φi(di), p〉} is such that it is con-

tained in some consistent B-valuation of L ′ that has either 〈c = d,1〉 or 〈c = d,0〉,
for any constants c,d ∈L ′.
Let S′B =

⋃
i<ω SB

i . It is also easy to show that S′B is contained in some consistent B-
valuation of L ′ that has either 〈c = d,1〉 or 〈c = d,0〉, for any constants c,d ∈L ′.
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Extend S′B to such a B-valuation, and then extend the latter to a maximal consistent
B-valuation in L ′. Call it T B.
We can construct a B-valued model for T B using C as the domain in the same way
as we do in the proof of Theorem 4.8, with the only the following change. For
any di ∈ C, let [di] = {d j ∈ C | Jdi = d jKT = 1}. Let A = {[di] | di ∈ C}. For any
constant c of L ′, let JcKA = [di] such that Jc = diKT = 1. And similar changes to
the interpretation of other symbols of L ′.
In the same way as in the proof of Theorem 4.8, we can show that A is a B-valued
model of T B that is witnessing. Also, it is very easy to show that A is a true identity
model.

Corollary 6.7.1. A B-valuation SB respects identity if and only if it has a witness-
ing true identity B-valued model.

Theorem 6.8. A B-valuation SB respects identity if and only if every finite sub-
valuation of SB respects identity.

Proof. The left to right direction is obvious.
For the right to left direction, suppose that SB does not respect identity. Then for
some countable set of new constants D, for some constants c,d ∈ L ∪D, both
SB∪{〈c = d,1〉} and SB∪{〈c = d,0〉} are inconsistent. By Theorem 4.5, for some
finite sub-valuation ∆B ⊆ SB, ∆B ∪ {〈c = d,1〉}. Similarly, for some finite sub-
valuation ∆′B ⊆ SB, ∆′B∪{〈c = d,0〉}. But then, ∆B∪∆′B, a finite sub-valuation of
SB, does not respect identity.

Corollary 6.8.1. A B-valuation SB has a true identity model if and only if every
finite sub-valuation of SB has a true identity model.

7 Löwenheim-Skolem Theorems

In previous sections we have proved two versions of the downward Löwenheim-
Skolem Theorem:

Theorem 7.1. Let L be a countable language. If a Boolean-valuation SB of L
has a B-valued model, then it has a countable witnessing B-valued model.

Theorem 7.2. Let A be a B-valued model of L that is witnessing. Then A has a
countable elementary submodel.
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A natural question is: what about the upward Löwenheim-Skolem Theorem? Can
it also be generalized to a Boolean-valued setting? In this section we investigate
this question.

The case of the upward Löwenheim-Skolem is much more complicated than its
downward counterpart. Recall that in Section 5 we observed that our definition of
Boolean-valued models allow there to be “null” duplicates in a model. And with
the existence of null duplicates it is boringly easy to add more objects to a domain
of a model without changing which sentences are true in the model:

Theorem 7.3. Let T be a consistent theory of L . Then for any complete Boolean
algebra B, if T has a B-valued model of size α , it has B-valued models of arbitrary
sizes larger than α .

Proof. Just pick some random element of the domain and add as many duplicates
of the element to the domain as we want.

Note that the above theorem is much stronger than the normal upward Löwenheim-
Skolem in the two-valued cases. It says that any consistent theory can have models
that are arbitrarily large, including, for example, a theory that says there are only
two objects. This is a counter-intuitive result. Surely if a sentence saying that there
are only two objects is true in a model, then we would want there to be only two
objects in the domain of the model.

One might think that the culprit of this counter-intuitive result is the existence of
duplicates. What if we require the models to be duplicate resistant (Def 5.1)? Will
it still be the case that consistent theories can have arbitrarily large models? The
answer, interestingly, is positive, as the following results show.

Theorem 7.4. If T has a duplicate resistant model A with |A| > 1, then T has
duplicate resistant models of arbitrary sizes larger than |A|.

Proof. We just make use of the direct product construction. Let I be an arbitrarily
large index set. By Theorem 5.12, ∏i∈I A is a model of T .

Also, adding the further requirement that models should be full does not help.

Corollary 7.4.1. If T has a duplicate resistant full model A with |A| > 1, then T
has duplicate resistant full models of arbitrary sizes larger than |A|.

Proof. It is easy to show that the direct product model of a collection of full models
is a full model.
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The real culprit of this (kind of) result is the fact that the identity symbol is inter-
preted in a non-standard way in Boolean-valued models. As a result, there can be,
for example, some Boolean-valued model in which the sentence ∃v1∃v2∀v3(v3 =
v1∨v3 = v2) - that there are at most two things - is true but the domain of the model
consists way more than two things. Indeed, the only sentence that has control over
the size of the domain of a model is the sentence saying that there is at most one
thing.

Theorem 7.5. Let φ be the sentence ∃v1∀v2(v1 = v2). If A is a duplicate resistant
model of φ , then |A|= 1.

Proof. J∃v1∀v2(v1 = v2)KA =
⊔

a∈A
d

b∈AJa = bKA. Fix some a ∈ A. Considerd
b∈AJa = bKA. We will show that

d
b∈AJa = bKA =

d
c,d∈AJc = dKA. The > di-

rection holds trivially. The6 direction holds as for any a,c,d ∈ A, Ja = cKAuJa =
dKA 6 Jc = dKA.
Hence

⊔
a∈A

d
b∈AJa = bKA =

⊔
a∈A

d
c,d∈AJc = dKA =

d
c,d∈AJc = dKA = 1.

Hence for any c,d ∈ A, Jc = dKA = 1. Since A is duplicate resistant, c and d are
the same element.

We have argued that the real reason why we have these counter-intuitive results
is that the identity symbol is interpreted abnormally. Hence, in order to solve
the problem, we should, instead of requiring the models to be duplicate resistant,
require the models to be true identity models, as these are the Boolean-valued
models in which identity is standard. Once we introduce this requirement, then,
we can generalize the upward Löwenheim-Skolem theorem in the most natural
way. We assume that L is countable.

Theorem 7.6. Let φ expresses the sentence “there are exactly n things”, where
n < ω . Let A be a true identity model of φ . Then |A|= n.

Proof. By appealing to Proposition 6.1.

Theorem 7.7. If a B-valuation SB has an infinite B-valued true identity models,
then it has infinite B-valued true identity models of any power α > ω .

Proof. Let cβ ,β < α be a list of new constant. Consider the B-valuation S′B =
SB∪{〈cγ = cβ ,0〉 | γ < β < α}. By Theorem 6.7, SB respects identity. And hence
every finite sub-valuation of S′B respects identity. By Theorem 6.7 again, every
finite sub-valuation of S′B has a B-valued true identity model. By Corollary 6.8.1,
S′B has a B-valued true identity model.
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Theorem 7.8. If a B-valuation SB has arbitrarily large finite B-valued true identity
models, then it has an infinite B-valued true identity model.

Proof. The same proof as that of Theorem 7.7.

Corollary 7.8.1. Every infinite true identity model has arbitrarily large elementary
extensions.

As a special case of Theorem 7.7 and Theorem 7.8, we also have:

Theorem 7.9. If a theory T has arbitrarily large finite B-valued true identity mod-
els, then it has an infinite B-valued true identity model.

Theorem 7.10. If a theory T has an infinite B-valued true identity models, then it
has infinite B-valued true identity models of any power α > ω .
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